Hurewicz fibrations, almost submetries and critical points of smooth
  maps by Cacciatori, S. L. & Pigola, S.
ar
X
iv
:1
60
1.
07
76
3v
1 
 [m
ath
.A
T]
  2
8 J
an
 20
16
HUREWICZ FIBRATIONS, ALMOST SUBMETRIES AND
CRITICAL POINTS OF SMOOTH MAPS
SERGIO CACCIATORI AND STEFANO PIGOLA
Abstract. We prove that the existence of a Hurewicz fibration between
certain spaces with the homotopy type of a CW-complex implies some
topological restrictions on their universal coverings. This result is used
to deduce differentiable and metric properties of maps between compact
Riemannian manifolds under curvature restrictions.
1. Introduction and main results
The main purpose of the paper is to prove that the existence of a Hurewicz
fibration between certain spaces with the homotopy type of a CW-complex
implies certain topological restrictions on their universal coverings. For
the sake of brevity, we shall say that the topological space Z is K-acyclic
if its reduced singular homology with coefficients in the field K satisfies
H˜n(Z;K) = 0, for every n ≥ 0.
Theorem 1.1. Let X be a connected, locally path connected and semi-
locally simply connected, separable metric space with finite covering dimen-
sion dimX < +∞ and with the homotopy type of a CW-complex. Let Y be
a connected, locally path connected and semi-locally simply connected space
with the homotopy type of a finite-dimensional CW-complex. Assume that
there exists a Hurewicz fibration π : X → Y .
(a) If at least one fibre F is locally contractible and X is aspherical then
the universal covering space Y ′ of Y is K-acyclic, for any field K.
(b) Let Ω˜yY denote the connected component of the loop space of Y
containing the constant loop cy ≡ y. If X is aspherical and the fibre
F = π−1(y) is a finite dimensional CW-complex, then Hk(Ω˜yY ,K) =
0 for every k > dimX and for any field K.
A variant of Theorem 1.1 of special interest can be obtained in case X and
Y are genuine CW-complexes. Recall that a finite dimensional CW-complex
is a locally contractible (hence locally path connected and semi-locally sim-
ply connected), paracompact, normal space of finite covering dimension,
[FriPic, Miy].
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Theorem 1.2. Let X and Y be connected, finite dimensional, CW-complexes.
Assume that there exists a Hurewicz fibration π : X → Y with at least one
locally contractible fibre. If X is aspherical then the universal covering space
Y ′ of Y is K-acyclic, for any field K.
Our main motivation to investigate topological properties of Hurewicz
fibrations is to get information on maps between compact Riemannian man-
ifolds under curvature restrictions. Indeed, recall that smooth manifolds are
finite-dimensional, separable metric space and also finite dimensional CW-
complexes. By way of example, we point out the following consequences of
Theorem 1.1 or Theorem 1.2. First, we consider critical points of smooth
maps. Recall that a point p ∈M is critical for the C1-map f :M → N if f
is not submersive at p.
Corollary 1.3. Let f : M → N be a smooth map between compact Rie-
mannian manifolds (M,g) and (N,h) of dimensions m,n ≥ 2. Assume also
that SectM ≤ 0 and RicN ≥ K for some constant K > 0. Then f must have
a critical point.
Proof. Let m ≥ n for, otherwise, the result is trivial. By the Bonnet-Myers
theorem, the universal covering space N ′ of N is compact. Since N ′ is
simply connected, hence orientable, Hn(N
′;R) 6= 0. On the other hand,
by the Cartan-Hadamard theorem M ′ is diffeomorphic to Rm, hence M is
aspherical. Now, by contradiction, assume that f : M → N is a smooth map
without critical points. Then, the Ehresmann fibration theorem implies that
f is a locally trivial bundle. Since N is (para)compact, f is also a Hurewicz
fibration with fibre a smooth (m−n)-dimensional manifold. This contradicts
Theorem 1.1 or Theorem 1.2. 
Remark 1.4. Existence of critical points for any smooth map f : ×m1 S
1 →
SO(3) was observed by D. Gottlieb, [Got], in relation with critical configu-
rations of multi-linked robot arms.
Remark 1.5. It is clear from the proof that the role of the curvature of M
is just to guarantee that the covering space M ′ is contractible. Obviously,
we do not need that M ′ is diffeomorphic to Rm and therefore the Corollary
applies e.g. when M is a compact quotient (if any) of a Whitehead-like
manifold. Similarly, the Ricci curvature condition on the target has the
purpose to guarantee that the universal covering manifold N ′ is compact.
Thus, we can take e.g. N to be any quotient of the product Sn1 × Sn2 with
n1, n2 ≥ 2. Summarizing, the following differential topological result holds
true.
Corollary 1.6. Let f : M → N be a smooth map between compact dif-
ferentiable manifolds of dimensions m,n ≥ 2. If M is aspherical and the
universal covering space of N is compact then, necessarily, f has a critical
point.
The next application is an estimate of the ǫ-constant for eǫ-LcL maps
under curvature restrictions.
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Definition 1.7. A continuous map f : X → Y between metric spaces is
called an eǫ-Lipschitz and co-Lipschitz map (eǫ-LcL for short), if for any
p ∈ X, and any r > 0, the metric balls of X and Y satisfy
BYe−ǫr(f(p)) ⊆ f(B
X
r (p)) ⊆ B
Y
eǫr(f(p)).
A 1-LcL is a submetry in the usual sense of V. Berestovskii.
Fibration properties of eǫ-LcL maps has been investigated in [RoXu].
More recent results are contained in [Xu].
Corollary 1.8. Let M and N be compact Riemannian manifolds such that
SectM ≤ 0 and RicN ≥ K for some constant K > 0. If f : M → N is an
eǫ-LcL map then ǫ > ln(1.02368).
Proof. By [Xu, Theorem A] any (1.02368)-LcL proper map from a com-
plete Riemannian manifold with curvature bounded from below into any
Riemannian manifold is a Hurewicz fibration. Moreover, all the fibres are
locally contractible. On the other hand, as we have already observed above,
the curvature assumptions on M and N imply that M is aspherical and N ′
is not R-acyclic. 
Remark 1.9. The previous result could be stated in the more general set-
ting of Alexandrov spaces. Namely, we can choose M to be a compact
Alexandrov-space of finite dimension, with the homotopy type of a CW
complex, and curvature −C ≤ CurvM ≤ 0. Indeed, [Xu, Theorem A] is
already stated in this metric setting and, in order to obtain that the uni-
versal covering space M ′ is contractible we can apply the metric version of
the Cartan-Hadamard theorem by S. Alexander and R. L. Bishop. See e.g.
[BriHae, Theorem II.4.1 and Lemma II.4.5].
Remark 1.10. Concerning the curvature assumptions what we said in Re-
mark 1.5 applies also to Corollary 1.8. In fact, we have the following sur-
prisingly general result.
Corollary 1.11. Let M be a compact smooth manifold with contractible
universal covering M ′ and let N be a compact smooth manifold with compact
universal covering N ′. Then, for any fixed Riemannian metrics g on M
and h on N and for every eǫ-LcL map f : (M,g) → (N,h) it holds ǫ >
ln(1.02368).
The paper is organized as follows: in Section 2 we collect some preliminary
facts concerning Hurewicz fibrations, loop spaces and the cohomological
dimension of a space in connection with the covering space theory. Section
3 is devoted to the proofs of Theorems 1.1 and 1.2.
2. Preliminary results
In this section we lift a Hurewicz fibration to the universal covering spaces
without changing the assumption of the main theorem and, as a consequence,
we deduce some information on the singular homology of the lifted fibre.
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2.1. Lifting Hurewicz fibrations. In the next result we collect some prop-
erties of our interest that a generic covering space inherits from its base
space.
Proposition 2.1. Let P : E′ → E be a covering projection between path
connected spaces. Then, each of the following properties lifts from the base
space E to the covering space E′.
(a) The space is a CW-complex.
(b) The space has the homotopy type of a CW-complex.
(c) The space is regular (and T1) and has finite small inductive dimen-
sion.
(d) The space is locally path connected and II-countable.
(e) The space is locally path connected, separable and metrizable.
Moreover, if E′ is simply connected, i.e. P : E′ → E is the universal
covering of E, then (b) can be replaced by
(b’) The space is Hausdorff, locally path connected and has the homotopy
type of a finite dimensional CW-complex.
Remark 2.2. It will be clear from the proof of (d) that E′ is II-countable
provided that E has the homotopy type of a II-countable, CW-complex Y
with a countable 1-skeleton Y 1. Indeed, the injection i : Y 1 → Y induces
a surjective homomorphism between fundamental groups i∗ : π1(Y
1, ∗) →
π1(Y, ∗) ≃ π1(E, ∗), [Hat, Proposition 1.26] or [FriPic, Corollary 2.4.7].
Proof. (a) Indeed, the nth-skeletons (E′)n of E′ and En of E are related by
P−1(En) = (E′)n and P |(E′)n : (E
′)n → En is a covering projection; [FriPic,
Proposition 2.3.9].
(b) Assume that E has the homotopy type of a CW-complex. Since the
covering projection P is a Hurewicz fibration, [Spa, Theorem II.2.3], and
each fibre P−1(e) is a discrete space, hence a CW-complex, the conclusion
follows by applying [FriPic, Theorem 5.4.2].
(c) Assume that E is regular, i.e., it is a T1 space with the shrinking
property of arbitrarily small open neighborhoods. Then E′ is also T1 because
for any e′ ∈ E′, the fibre P−1(P (e′)) is a discrete and closed subspace of E′.
The shrinking property of E′ follows easily from the fact that P is a local
homeomorphism. Finally, let us show that the regular space E′ has small
inductive dimension ind(E′) ≤ n < +∞ provided ind(E) ≤ n < +∞. To
this end, fix e′ ∈ E′ and an open neighborhood U ′ of e′. We have to show
that there exists an open set e′ ∈ V ′ ⊂ U such that ind(FrE′ V
′) ≤ n − 1.
Here, FrX Y denotes the topological boundary of Y as a subspace of X.
Without loss of generality, we can assume that P |U ′ : U
′ → U = P (U ′) is
a homeomorphism. Since ind(U) ≤ ind(E), [Eng, 1.1.2], by the topological
invariance of the inductive dimension we have ind(U ′) ≤ n. By regularity,
we can choose an open neighborhood e′ ∈ U ′0 ⊂ U
′
0 ⊂ U
′. It follows from
the definition of inductive dimension of U ′ that there exists an open set (in
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U ′ hence in E′) e′ ∈ V ′ ⊂ U ′0 such that ind(FrU ′ V
′) ≤ n − 1. To conclude,
observe that FrU ′ V
′ = FrE′ V
′.
(d) Assume that E is locally path connected and II-countable. Since P is a
local homeomorphism then E′ is locally path-connected. Moreover, since the
topology of E has a countable basis made up by open sets evenly covered by
P , to prove that E′ is II-countable it is enough to verify that the fibre of the
covering projection is a countable set. On the other hand, the fibre P−1(e)
is in one-to-one correspondence with the co-set π1(E, e)/P∗π1(E
′, e′) of the
fundamental group π1(E, e) of (E, e). To conclude, we recall that π1(E, e)
is countable because the topology of the path connected space E has a
countable basis U such that, for any U1, U2 ∈ U , the connected components
of U1 ∩ U2 are open (hence countable); see e.g. the proof of [Lee, Theorem
8.11].
(e) We already know that E′ is a (T1-)regular, II-countable (hence sepa-
rable) topological space. Therefore, we can apply the Urysohn metrization
theorem.
(b’) The Hausdorff property lifts from the base space E to the covering
space E′: two points on the same fibre are separated by the pre-images
of an evenly covered open set of E, whereas two points on different fibres
are separated by the pre-images of disjoint open sets in E. Moreover E′ is
locally path connected as already observed.
Assume that P : E′ → E is the universal covering projection and that
the Hausdorff space E has the homotopy type of a CW-complex Y with
dimY < +∞. Recall that Y is Hausdorff (actually normal) and that the
(Lebesgue) covering dimension dimY coincides with the dimension of Y as
a CW-complex; [FriPic, Propositions 1.2.1, 1.5.14]. Let Q : Y ′ → Y be the
universal covering of Y . We know from (a) that Y ′ is a CW-complex of
dimension dimY ′ = dimY . We shall show that E′ has the same homotopy
type of Y ′, that is:
Lemma 2.3. Let PX : X
′ → X and PY : Y
′ → Y be universal covering
projections between Hausdorff spaces. If X is homotopy equivalent to Y then
X ′ is homotopy equivalent to Y ′.
The proof relies on the following standard fact. Recall that a covering
projection P : X ′ → X between path connected and locally path connected
spaces is said to be normal if the image P∗(π1(X
′, x′)) of the fundamental
group of X ′ is normal in the fundamental group π1(X,P (x
′)) of X. This
condition is trivially satisfied if X ′ is simply connected.
Lemma 2.4. Let P : X ′ → X be a normal covering between connected,
locally path connected and Hausdorff spaces. Let f : X → X be a continuous
map. Let f ′, g′ : X ′ → X ′ be continuous liftings of f , that is P ◦f ′ = f ◦P =
P ◦ g′. Then, there exists a covering transformation τ ∈ Deck(P ) such that
τ ◦ f ′ = g′.
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We are now in the position to give the proof of Lemma 2.3. In all that
follows, given a homotopy H : X × I → Y , we shall use the notation
Ht := H(·, t) : X → Y .
Proof of Lemma 2.3. Let f : X → Y be a homotopy equivalence. This
means that there exist continuous maps g, h : Y → X such that g ◦ f ≃ 1X
via a homotopy H : X×I → X and f ◦h ≃ 1Y via a homotopy K : Y ×I →
Y . Choose any liftings
• f ′ : X ′ → Y ′ of (f ◦ PX) : X
′ → Y with respect to the covering
projection PY
• g′, h′ : Y ′ → X ′ of (g ◦ PY ), (h ◦ PY ) : Y
′ → X with respect to the
covering projection PX
• H ′ : X ′× I → X ′ of H ◦ (PX ×1I) : X
′× I → X with respect to PX
• K ′ : Y ′× I → Y ′ of K ◦ (PY × 1I) : Y
′× I → Y with respect to PY .
This is possible, without any restriction on the maps, because each of the
domain spaces is simply connected.
Now, since
PX ◦H
′
0 = PX ◦ (g
′ ◦ f ′)
and since the universal covering is normal, by Lemma 2.4 there exists a
covering transformation τ1 ∈ Deck(PX) such that
τ1 ◦H
′
0 = g
′ ◦ f ′.
Similarly, since
PX ◦H
′
1 = PX ◦ 1X′
we find τ2 ∈ Deck(PX) such that
τ2 ◦H
′
1 = 1X′ .
Let H ′′ = τ2 ◦ H
′ and g′′ = τ2 ◦ τ
−1
1 ◦ g
′. Then, it follows from the above
equations that the homotopy H ′′ realizes the equivalence
(2.1) g′′ ◦ f ′ ≃ 1X′ .
Arguing in a similar way, we obtain the existence of ξ1, ξ2 ∈ Deck(PY ) such
that the homotopy K ′′ = ξ2 ◦K
′ realizes the equivalence
(ξ2 ◦ ξ
−1
1 ◦ f
′) ◦ h′ ≃ 1Y ′ .
Define h′′ = h′ ◦ (ξ1 ◦ ξ
−1
2 ) and the new homotopy
K ′′′ = (ξ1 ◦ ξ
−1
2 ) ◦K
′′ ◦ (ξ1 ◦ ξ
−1
2 × 1I).
Then, it is straightforward to verify that K ′′′ realizes the equivalence
(2.2) f ′ ◦ h′′ ≃ 1Y ′ .
From (2.1) and (2.2) we conclude that f ′ is a homotopy equivalence between
X ′ and Y ′. 
The proof of Proposition 2.1 is completed. 
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We now verify that a Hurewicz fibration always lifts to a Hurewicz fibra-
tion between universal covering spaces. According to the previous Lemma,
the lifted fibration enjoys some good properties of the base fibration.
Proposition 2.5. Let π : E → B be a Hurewicz fibration between con-
nected, locally path connected and semi-locally simply connected spaces with
the homotopy type of a CW-complex. Let PE : E
′ → E and PB : B
′ → B
denote the universal covering maps of E and B respectively. Then:
(a) There exists a Hurewicz fibration π′ : E′ → B′ such that PB ◦ π
′ =
π ◦ PE.
(b) E′ and the fibres F ′ have the homotopy type of a CW-compex. More-
over, if E is a separable metric space then also E′ and F ′ are sepa-
rable metric spaces.
(c) Let F0 = π
−1(b0) and F
′
0 = (π
′)−1(b′0) with PB(b
′
0) = b0. If E
′ is
contractible, then F ′0 is exactly one of the connected components of
P−1E (F0). In particular:
(c.1) If F0 is locally contractible, so is F
′
0.
(c.2) If F0 is a finite dimensional CW-complex then the same holds
for F ′0.
(d) If E is a separable metric space with finite covering dimension then
E′ and F ′ have the same properties.
Proof. (a) First, we observe that the composition of Hurewicz fibrations is
still a Hurewicz fibration and this, in particular, applies to π′′ := π ◦ PE :
E′ → B. The verification is straightforward from the definition. Since E′ is
simply connected, π′′ lifts to a continuous map π′ : E′ → B′ such that
PB ◦ π
′ = π′′.
We show that π′ is a Hurewicz fibration. To this end, let H : X × I → B′
be a given homotopy, and assume that H˜0 : X → E
′ is a continuous lifting
of H0 : X → B with respect to π
′, i.e.,
π′ ◦ H˜0 = H0.
Without loss of generality, we can assume that X is connected. If not, we
argue on each component. Consider the homotopy
H ′′ := PB ◦H : X × I → B
′
and observe that H˜0 is a continuous lifting of H
′′
0 : X → B with respect to
π′′. Indeed,
π′′ ◦ H˜0 = PB ◦ (π
′ ◦ H˜0) = PB ◦H0 = H
′′
0 .
Since π′′ is a Hurewicz fibration, there exists a continuous lifting
H˜ : X × I → E′
of H ′′ with respect to π′′ such that
H˜(x, 0) = H˜0(x), ∀x ∈ X.
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Note that, in particular,
H ′′ = π′′ ◦ H˜ = PB ◦ (π
′ ◦ H˜),
namely, (π′ ◦ H˜) : X × I → B′ is the unique continuous lifting of H ′′ with
respect to the covering projection PB satisfying
(π′ ◦ H˜)(x, 0) = (π′ ◦ H˜0)(x) = H0(x).
Since, by definition of H ′′, the map H : X × I → B′ has the same property
we must conclude
π′ ◦ H˜ = H.
Summarizing, we have proved that H˜ is a continuous lifting of H with re-
spect to π′ and satisfies H˜(x, 0) = H˜0(x).
(b) By Proposition 2.1 (b), both E′ and B′ have the homotopy type of
a CW-complex. Then, by [FriPic, Proposition 5.4.1], F ′ has the homotopy
type of a CW-complex. Moreover, by (e) of Proposition 2.1, E′ is separable
and metrizable. The same holds for the subspace F ′ of E′.
(c) We shall see in Proposition 2.6 below that F ′0 is path connected. Note
that F ′0 ⊆ P
−1
E (F0) and π
′(P−1E (F0)) ⊆ P
−1
B (b0). Since P
−1
B (b0) is a discrete
space, the continuous map π′|
P−1
E
(F0)
is constant on the connected compo-
nents of P−1E (F0). Let C be a component of P
−1
E (F0) such that C ∩ F
′
0 6= ∅.
Clearly C ⊇ F ′0 because F
′
0 is connected also as a subspace of F0. Since
π′(F ′0) = b
′
0 then, necessarily, we have π
′(C) = b′0. Thus C = F
′
0.
(c.1) Now, assume that F0 is locally contractible. Since
PF0 = PE |P−1
E
(F0)
: P−1E (F0)→ F0
is a covering projection, hence a local homeomorphism, we have that also
P−1E (F0) is locally contractible. In particular, this space is locally path con-
nected. It follows that the connected component C = F ′0 of P
−1
E (F0) is an
open subset and, therefore, F ′0 inherits the local contractibility of P
−1
E (F0).
(c.2) Finally, suppose that F0 is a finite-dimensional CW-complex. Then,
using again that PF0 is a covering projection, by Proposition 2.1 (a) we have
that P−1E (F0) is a finite dimensional CW-complex. To conclude, recall that
F ′0 is a connected component of P
−1
E (F0), hence a CW-subcomplex.
(d) Recall that for a separable, metrizable space the small inductive di-
mension coincides with the (Lebesgue) covering dimension, [Eng]. Therefore,
we can apply Proposition 2.1 (c) and conclude that, if dimE < +∞ then
dimE′,dimF ′ < +∞. 
2.2. The loop space of the base space. We now consider the path fi-
bration ε : Px0(X)→ X where
Px0(X) = {γ : [0, 1]→ X : γ continuous and γ (0) = x0}
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is endowed with the compact-open topology and ε is the end-point map:
ε (γ) = γ (1) .
It is a Hurewicz fibration and the fibre F = ε−1(x0) is the loop space of X
based at x0:
ε−1 (x0) = Ωx0X.
Sometimes, when there is no danger of confusion, the base point is omitted
from the notation.
Proposition 2.6. Let π : E → B be a Hurewicz fibrations with fibre F and
path connected spaces E and B. Assume that E, B (hence F ) all have the
homotopy type of a CW-complex.
(a) If E is contractible and B is simply connected, then F = π−1(b) is
path connected and it is homotopy equivalent to the loop space ΩbB,
for any b ∈ B.
(b) Assume that B admits the universal covering projection PB : B
′ →
B. Having fixed b′0 ∈ B
′, let PB(b
′
0) = b0 ∈ B and denote by Ω˜b0B
the connected component of Ωb0B containing the constant loop cb0 .
Then, there exists a homotopy equivalence θ : Ωb′
0
B′ → Ω˜b0B.
Proof. (a) The loop space ΩbB of the simply connected space B is path
connected. Indeed, a relative homotopy H : I×I → B between the constant
loop cb ∈ ΩbB and any other loop γ ∈ ΩbB gives rise to the continuous path
Γ : I → ΩbB, Γ(s) = H(∗, s), connecting cb to γ. Moreover, by [Mil,
Corollary 3], ΩbB has the homotopy type of a CW-complex.
Now, since B is path connected then the path space Pb(B) is contractible,
[Spa, Lemma 3 on p. 75]. If follows from [Hat, Proposition 4.66] that there
is a weak homotopy equivalence h : F → ΩbB. In particular, since h∗ :
π0(F )→ π0(ΩbB) is bijective, then F must be connected. Summarizing, h is
a weak homotopy equivalence between connected spaces with the homotopy
type of a CW-complex. Therefore, we can apply the classical theorem by J.
H. C. Whitehead and conclude that h is a genuine homotopy equivalence,
[Hat, Theorem 4.5].
(b) Consider the following diagram of fibrations
B′
PB

oo
ε′
Pb′
0
(B′)
B oo
ε
Pb0(B)
Since the path space Pb′
0
(B′) is contractible to the constant loop cb′
0
, the
continuous map
P ′B = PB ◦ ε
′ : Pb′
0
(B′)→ B
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is homotopic to the constant map fb0 ≡ b0 : Pb′0(B
′)→ B. Let H : Pb′
0
(B′)×
[0, 1] → B be a homotopy between fb0 and P
′
B such that H (·, 0) = fb0
and consider the constant map f ′b0 ≡ cb0 : Pb′0(B
′) → Pb0(B). Clearly
f ′b0 is a lifting of fb0 with respect to ε. Then, by the homotopy lifting
property of the fibration ε : Pb0(B) → B, there exists a unique lifting
H ′ : Pb′
0
(B′)× [0, 1]→ Pb0(B) of H such that H
′ (·, 0) = f ′b0 . Define
Θ = H ′ (·, 1) : Pb′
0
(B′)→ Pb0(B).
Since, by construction, ε◦H ′ = H we have that ε◦Θ = P ′B and the following
diagram commutes:
B′
PB

oo
ε′
Pb′
0
(B′)
Θ

P ′B
||①
①
①
①
①
①
①
①
①
B oo
ε
Pb0(B)
Now, define θ := Θ|Ωb′
0
B′ : Ωb′
0
B′ → Pb0(B). We claim that, actually,
θ : Ωb′
0
B′ → Ω˜b0B ⊆ Ωb0B.
Indeed, for any γ′ ∈ Ωb′
0
B′ we have
ε ◦Θ ◦ γ′ = P ′B ◦ γ
′ = PB ◦ ε
′ ◦ γ′ = PB
(
b′0
)
= b0,
proving that the end-point of Θ ◦ γ′ is b0. On the other hand, by definition,
Θ takes values in Pb0(B), thus Θ◦γ
′ is a path issuing from b0. Summarizing
Θ◦γ′ ∈ Ωb0B, i.e., θ(Ωb′0B
′) ⊆ Ωb0B. Actually, since B
′ is simply connected
then Ωb′
0
B′ is path connected and θ(εb′
0
) = εb0 . It follows by the continuity
of θ that θ(Ωb′
0
B′) ⊆ Ω˜b0B, as claimed.
We have thus obtained the following commutative diagram
B′
PB

oo
ε′
Pb′
0
(B′)
Θ

Ωb′
0
B′? _
i′
oo
θ

B oo
ε
Pb0(B)oo oo i
?
_Ωb0B
(2.3)
where i : Ωb0B →֒ Pb0(B) and i
′ : Ωb′
0
B′ →֒ Pb′
0
(B′) are the inclusion maps
and each row is a fibration. Consider the associated homotopy sequences
with j ≥ 1 and any γ′ ∈ Ω′
b′
0
B′, [Hat, Theorem 4.41]:
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1
OO
q

1
OO
q

πj(PB
′, γ′) oo
OO
q

πj(ΩB
′, γ′)
θ∗

oo
∆′j+1
πj+1(B
′, b′0)
(PB)∗

oo πj+1(PB
′, γ′)
OO
q

πj(PB,Θ(γ
′)) oo
OO
q

πj(ΩB, θ(γ
′)) oo
∆j+1OO
q

πj+1(B, b0) oo πj+1(PB
′,Θ(γ′))
OO
q

1 πj(Ω˜B, θ(γ
′)) 1
Each row is exact. Moreover, πj (PB
′) = 1 = πj (PB) because these
spaces are contractible. It follows that both ∆′j+1 and ∆j+1 are isomor-
phisms. On the other hand, from the homotopy exact sequence of the
covering PB : B
′ → B we see that (PB)∗ : πj+1 (B
′, x′0)→ πj+1 (B,x0) is an
isomorphism for every j ≥ 1. Therefore, we conclude that
θ∗ = ∆j+1 ◦ (PB)∗ ◦ (∆
′
j+1)
−1 : πj(ΩB
′, γ′)→ πj(Ω˜B, θ(γ
′))
is an isomorphism for every j ≥ 1 as a composition of isomorphisms. Finally,
since both Ω˜B and ΩB′ are path connected, θ∗ is in fact an “isomorphism”
also for j = 0. In conclusion, θ is a weak homotopy equivalence of Ω˜B and
ΩB′. Since these spaces have the homotopy type of a CW -complex, by the
theorem of Whitehead, θ is a genuine homotopy equivalence. 
2.3. Singular homology and dimension. It is well known that the cov-
ering dimension dominates the Cˇech cohomological dimension of a para-
compact space. By the abstract de Rham isomorphism and by duality we
therefore deduce the following
Proposition 2.7. Let X be a topological space with the homotopy type
of a locally contractible, paracompact space Y of finite covering dimension
dimY < +∞. Then, for any field K, the singular homology of X with
coefficients in K satisfies
(2.4) Hk(X;K) = 0, ∀k > dimY.
Proof. Indeed, by the homotopy invariance of the singular homology,
Hk(X;K) ≃ Hk(Y ;K) for every k.
Let Hˇk(Y ;K) denote the Cˇech cohomology with coefficients in the constant
sheaf K generated by K. Since Y is locally contractible and paracompact
we have ([God, Theorem 5.10.1], [War, Theorem 5.25])
Hˇk(Y ;K) ≃ Hˇk(Y ;K) ≃ Hk(Y ;K) ≃ Hk(Y ;K),
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and, moreover, Hˇk(Y ;K) = 0 for every k > dimY , [God, Section 5.12].
Therefore, Hk(Y ;K) = 0 for every k > dimY . Since we are taking coeffi-
cients in a field, by the universal coefficient theorem we have Hk(Y ;K) ≃
Hom(Hk(Y ;K);K), [Mun, Theorem 53.5], and this implies that Hk(X;K) ≃
Hk(Y ;K) = 0 for every k > dimY . 
3. Proof of the main Theorems
Let us begin with the
Proof of Theorem 1.1. (a) Let the fibre F0 = π
−1(y0) be locally contractible
and assume that the total space X of the Hurewicz fibration π : X → Y is
aspherical. SinceX, hence its universal covering spaceX ′, has the homotopy
type of a CW-complex, this is equivalent to say that X ′ is contractible. We
have to show that the universal covering space Y ′ of the base space Y is
K-acyclic for every field K. By contradiction, suppose that this is not the
case. Since Y ′ is simply connected, this means that:
(3.1) there exists m ≥ 2 and a field K such that Hm(Y
′;K) 6= 0.
Now, according to Proposition 2.5, let us consider the lifted Hurewicz fibra-
tion π′ : X ′ → Y ′. Then, X ′ and F ′0 = (π
′)−1(y′0), with PY (y
′
0) = y0, are
separable metric spaces with the homotopy type of a CW-complex and of
finite covering dimension dimX ′,dimF ′0 < +∞. Moreover, by (b’) of Propo-
sition 2.1, Y ′ has the homotopy type of a finite dimensional CW-complex
and by (c.1) of Proposition 2.5, F ′0 is locally contractible.
Using (3.1) joint with Proposition 2.7 applied to Y ′, we deduce that there
exists an integer n ≥ m such that Hn(Y
′;K) 6= 0 and Hk(Y
′;K) = 0, for
every k > n. Therefore the following result by J.P. Serre, [Ser, Proposition
11, p. 484] can by applied to the simply connected space Y ′:
Theorem 3.1. Let Z be a simply connected space and assume that there
exists an integer n ≥ 2 such that the singular homology of Z with coefficients
in a field K satisfies Hk(Z;K) = 0 for every k > n and Hn(Z;K) 6= 0. Then,
for every i ≥ 0 there exists 0 < j < n such that Hi+j(ΩZ;K) 6= 0.
In view of this result, the singular homology of the loop space Ωy′
0
Y ′
satisfies
Hk(Ωy′
0
Y ′;K) 6= 0, for infinitely many k > 0.
On the other hand, since we are assuming that X ′ is contractible, it follows
from Proposition 2.6 that F ′0 has the homotopy type of Ωy′0Y
′. Whence,
using again Proposition 2.7 with X = F ′0, we conclude
Hk(Ωy′
0
Y ′;K) ≃ Hk(F
′
0;K) = 0, ∀k ≫ 1.
Contradiction.
(b) Assume that X is aspherical (i.e. X ′ is contractible) and that F0 =
π−1(y0) is a finite dimensional CW-complex. Combining Proposition 2.5
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(c.2) with Proposition 2.6 we have that Ω˜y0Y has the same homotopy type
of the finite dimensional CW-complex F ′0 = (π
′)−1(y′0), with PY (y
′
0) = y0.
It follows from Proposition 2.7 and from the homotopy invariance of the
singular homology that
Hk(Ω˜y0Y ;K) ≃ Hk(Ωy′0Y
′;K) ≃ Hk(F
′
0;K) = 0, ∀k ≥ dimX.
The proof is completed. 
As a corollary of the above arguments, we obtain the
Proof of Theorem 1.2. Assume that X is aspherical. By Proposition 2.6
(a) and Proposition 2.5 (c.1), Ωy′
0
Y ′ is homotopy equivalent to the lo-
cally contractible space F ′0 = (π
′)−1(y′0), with PY (y
′
0) = y0. Moreover,
F ′0 is paracompact because it is a closed subspace of the CW-complex X
′,
which is paracompact; [Miy], [FriPic, Proposition 1.3.5]. Finally, since the
covering dimension of the CW-complex X ′ is exactly its CW-dimension,
[FriPic, Proposition 1.5.14], and since F ′0 is a closed subspace of X
′ we have
dimF ′0 ≤ dimX
′ < +∞, [Eng]. To conclude, we now use Proposition 2.7 as
in the proof of Theorem 1.1. 
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